Abstract. 3D Reynolds-averaged Navier-Stokes (RANS) simulations of a fully developed wind farm boundary layer over a staggered array of NREL 5MW turbines are presented. The turbine is modeled as an actuator disk and as a fully resolved rotor to compare the effect of the turbine model on the wind farm aerodynamics, in particular the streamwise momentum balance across the farm. Results show that the difference in the turbine model affects the average wind speed through the farm as well as the local flow pattern around each turbine; both contributing to the difference in the prediction of farm performance. Results are also compared with a simple theoretical model of very large wind farms proposed recently. The actuator disk simulations agree very well with the theoretical model, whereas the fully resolved rotor simulations show some consistent and expected differences from the model.
Introduction
As wind energy is gaining more and more interest for its ability to produce clean, affordable and reliable electricity [1, 2] , modeling and simulations of large wind farms are becoming an important subject [3, 4, 5] , especially for offshore applications. Actuator disk models are often used in such large wind farm modeling and simulations [3, 5, 6 ]. There are many earlier studies comparing actuator disk simulations and blade-resolved rotor simulations, but these studies are either for an isolated turbine [7, 8] or a very small number (usually two) of turbines [9, 10] , not for large wind farms. Therefore in this study we perform actuator disk (AD) and fully resolved rotor (FRR) simulations of an NREL 5MW horizontal-axis wind turbine in an infinitely large wind farm. The main objective is to analyze how the difference between the AD and FRR simulations will affect the momentum balance across the farm and thus the prediction of farm performance. The results of these simulations will be analyzed in association with the theoretical model of very large wind farms proposed recently by Nishino [5] .
Theoretical model
The theoretical model proposed by Nishino [5] is a simple quasi-one-dimensional model to predict a practical upper limit to the efficiency of a very large wind farm. The basic concept underlying the Nishino model is similar to the so-called 'top-down' models [11, 12] . However, the Nishino model is based on a simplified 'two-scale coupled' momentum conservation argument and does not consider the details of wind profile across the farm boundary layer explicitly. On one hand, the 'farm-scale' wind speed reduction factor, β = U F /U F 0 (where U F is the wind speed averaged over a nominal farm layer height, H F , and U F 0 is its undisturbed equivalent), is calculated from the momentum balance between the driving force of the atmospheric boundary layer and the resistance due to the turbines' thrust and bottom friction. On the other hand, the 'turbinescale' wind speed reduction factor, α = U T /U F (with U T the face-averaged wind speed over the turbine rotor swept area), is calculated from the classical actuator disk theory. These two wind speed reduction factors α and β satisfy the (simplified) momentum conservation equation [5] :
where λ = A/S is the ratio of the turbine swept area A to the land area S (i.e. farm density) and C f 0 = τ w0 /0.5ρU 2 F 0 is the natural bottom friction coefficient. The only empirical parameter employed in the Nishino model is γ in Eq. 1. This parameter describes how the bottom friction (shear stress) changes in response to the reduction of the average wind speed through the farm layer. γ is defined such that
where < τ w > is the bottom shear stress averaged across the farm. Further details of the Nishino model can be found in [5] and [6] .
3. RANS simulations 3.1. Geometry and mesh An 'infinitely large' array of NREL 5MW rotors is considered in this paper. The 126m diameter (D) turbine is based on the initial design by NREL [13] and takes into account the modifications suggested by Sandia National Laboratories [14] (i.e. a smoother blade thickness distribution and a smoother root/blade transition compared to the initial design). This turbine concept has been widely used [15, 16, 17] . The tip shape, not included in the reference designs [13, 14] , is defined as a simple 'rounded' tip and the hub diameter has been increased to 5.4m in this study (to simplify the generation of the structured mesh). The center of the hub is located 90m above the ground which gives a ground clearance of 0.21D. The rotational axis is tilted by 5 • with respect to the horizontal plane and a precone of 2.5 • is used for the blades, as defined in [13] . All farm simulations in this study consider a fully developed boundary layer flow driven by a constant streamwise pressure gradient over an 'infinitely large' wind farm, similarly to [3] and [5] . This 'infinitely large' wind farm is modeled as a doubly periodic array of turbines. Only one turbine is placed in the middle of a relatively small (6D × 6D), but periodic, computational domain ( Fig. 1(a) ). The height of the computational domain is 8D (∼ 1km). The turbine is modeled as an Actuator Disk (AD) or as a Fully Resolved Rotor (FRR). Turbines are arrayed in a staggered configuration which means that the streamwise spacing between two turbines is 12D ( Fig. 1(a) ).
Multi-block structured meshes are created for the AD and FRR simulations. The computational domains have the same dimensions in both cases: (L x , L y , L z ) = (6D, 6D, 8D). The AD mesh contains a 126m diameter porous disk whose center is located at x = y = 0m (center of the domain) and z = 90m. An 'O-grid' mesh topology is used inside and around the disk, as shown in Figure 2 (a). 104 nodes are used on the disk edge. The first cell height on the bottom boundary (ground) is 1m. Around the disk, the streamwise node spacing starts from 0.5m and expands with a ratio of 1.15 to reach a maximum spacing of 11m near the inlet and outlet boundaries. The maximum lateral (y) spacing is 13m. In total, the AD mesh contains 8 × 10 5 cells. The FRR mesh is divided into two sub-domains: a rotating part containing the three blades and a stationary outer part. The rotor part is meshed with an O-grid topology around the blades. The wall normal spacings ensure y + max ∼ 1, except on the hub where wall functions are used to reduce the total number of cells. 186 nodes are used in the chordwise direction and 107 nodes in the spanwise direction for each blade ( Fig. 2(b) ). This gives 5.7 × 10 6 cells in the rotor sub-domain. The outer part contains the nacelle and the front part of the hub (i.e. the streamwise extent of the rotor sub-domain is small, Fig. 2(b) ). The cell sizes immediately upstream and downstream of the rotor sub-domain are ∆x = 0.5m and 0.1m, respectively, to match the cell sizes with those inside the rotor sub-domain. The maximum streamwise spacing is 6m and the maximum lateral spacing is 7m. The first cell height on the bottom boundary is 1m, as with the AD mesh. The outer sub-domain contains 6.9 × 10 6 cells. Therefore, the FRR mesh contains 12.6 × 10 6 cells in total. 
Boundary conditions and simulation parameters
In all simulations presented in this paper, the bottom boundary is set as 'wall' with a nominal roughness height K s = 1m or 5m. K s is a sand-grain type roughness related to the aerodynamic roughness parameter z 0 as K s = (E/C)z 0 [18] , where E = 9.793 is an empirical constant and C s = 0.5 is the roughness constant. The top boundary is set as 'symmetry'. To model the staggered configuration of the turbines, both inlet and outlet boundaries are vertically split into two equal parts (left and right). Periodic interfaces are then used to connect the right outlet boundary to the left inlet boundary and vice versa ( Fig. 1(b) ). The side boundaries are set as periodic interfaces. The doubly periodic computational domain obtained enables the simulation of one turbine operating inside an infinitely large wind farm with a staggered configuration. A constant pressure gradient is employed in the streamwise direction for all simulations using the same ground roughness. In the AD simulations, a 'porous jump' condition is used for the disk surface, where a disk resistance K is used to calculate the streamwise momentum sink following the equation
, where U d is the local streamwise velocity through the disk [19] . In the FRR simulations, blades are considered as 'wall'.
The Reynolds-averaged Navier-Stokes (RANS) equations are solved using the ANSYS Fluent software [20] with the k − ω SST turbulence model [21] . In the AD simulations (steady RANS), the SIMPLE algorithm is used for pressure-velocity coupling and second order schemes are used for pressure, momentum and turbulence spatial discretization. In the FRR simulations (unsteady RANS), the pressure-based coupled algorithm is used as it was found to be more stable. Only first order schemes are used for the first rotor revolution; then, 'Standard' scheme is used for the pressure equation and second order schemes are used for momentum and turbulence spatial discretization as well as for the transient formulation. The time step size always corresponds to a variation of the rotor azimuthal angle ∆θ = 0.5 • and 15 iterations are used per time step. For all simulations, the density and viscosity of air are assumed to be ρ = 1.225kg/m 3 and µ = 1.7894 × 10 −5 kg/(ms), respectively.
The FRR simulations require to specify an appropriate rotational speed of the rotor. This is not a straightforward task considering that the flow in the fully developed farm boundary layer is not known a priori. Therefore, we use the results of the AD simulations to estimate the wind speed at hub height and 3D upstream the turbine. This value (U ∞ = 6m/s with K s = 1m and U ∞ = 6.9m/s with K s = 5m) is used to calculate the rotational speed of the rotor that corresponds to the tip-speed-ratio (TSR) used in [13] (7.98rpm or TSR = 8.8 with K s = 1m and 8.41rpm or TSR = 8.0 with K s = 5m).
Single turbine simulation (for validation)
The NREL 5MW turbine has no experimental data available (concept design only). However, [13] gives performance predictions for an isolated turbine with a uniform upstream wind speed, using the FAST code. These data are used for validation of our resolved rotor model before using it for wind farm simulations. One additional mesh for the FRR simulation has been created based on the one described in section 3.1, with extended horizontal dimensions: (L x , L y ) = (40D, 40D). Unlike the farm simulations with periodic boundary conditions, the bottom boundary is set as 'symmetry' to simulate a uniform (not sheared) flow around the isolated turbine. A uniform wind speed U ∞ = 11.4m/s is defined on the upstream boundary with a turbulence intensity of 5% and a turbulent viscosity ratio of 10. The turbulence intensity decays while traveling downstream (as there is no shear) and reaches low values around the turbine (∼ 0.03%). The rotational speed is 12.1rpm which corresponds to TSR = 7.0 [13] . The simulation has been run for 8 revolutions so that the difference of power coefficient between the last two revolutions is sufficiently small (0.77%).
Averaged results of power and thrust coefficients are presented in Table 1 . The FRR simulation predicts a C P value close to the reference value. The predicted C P is supposed to be slightly higher than what would be obtained for a perfectly isolated turbine because of the local (partial) blockage effect due to the proximity of the bottom boundary [22] . It should also be noted that the result of the FRR simulation is not supposed to be exactly the same as the reference value since the reference value and the FRR simulation are based on two different numerical methods (BEM and CFD, respectively). However, the fact that the FRR simulation result is close to the reference value suggests that the rotor simulation (in particular the generation of rotor geometry) has been conducted appropriately.
Empty box simulations
Empty box simulations are run with the AD mesh described in section 3.1. The disk boundary condition is set as 'interior' instead of 'porous jump' and all other boundary conditions are the same as in section 3.2. Simulations are run with both K s = 1m and K s = 5m with a constant mass flow rate. The mass flow rate is calculated based on a power-law velocity profile (with an exponent of 0.1) with a reference wind speed U ref = 15m/s at z = 90m (hub height). This gives a mass flow rate equal to 16.528 × 10 6 kg/m 3 . The empty box simulations are initialized with a uniform velocity field and they are run for about 10 6 iterations to obtain a fully converged flow field. Figure 3 shows the velocity profiles obtained with the two roughness heights. The wind speed is lower with K s = 5m than with K s = 1m in the region of the turbine. The empty box simulation is used to obtain the background pressure gradient (for a given K s ) that will be used in the AD and FRR farm simulations (Table 2) . It is also used to obtain some parameters used in the theoretical farm model [5] such as the natural farm-layer wind speed (U F 0 ), the farm layer height (H F ) and the natural bottom shear stress (τ w0 ). The farm layer height was found to be H F = 1.80D with K s = 1m and H F = 1.76D with K s = 5m. 
Wind farm simulations
Once the 'empty box' simulations detailed in section 3.4 have been conducted, it is possible to run the farm simulations using the background pressure gradients given in Table 2 rotor sub-domain). FRR simulations have been run for 92 revolutions (K s = 1m) and 50 revolutions (K s = 5m). After 92 revolutions with K s = 1m, the turbine wake has traveled 26D downstream the turbine (assuming the average wind speed calculated between two rotors, along the horizontal line at hub height and going through the nacelle). This means that the wake created at the beginning of the simulation had time to reach the rotor twice (because of the periodic boundary conditions). Figure 4 shows the variations of (spatially averaged) bottom shear stress with the number of revolutions for both ground roughness heights. The bottom shear seems to follow the same pattern in both cases and is fluctuating close to the value obtained in the AD simulations. The case K s = 5m has been run for only 50 revolutions but the pattern observed for the K s = 1m case suggests that the bottom shear would not vary significantly with additional revolutions. the rotor area. This has already been observed in previous studies such as [8] . Away from the rotor area, both AD and FRR simulations give very similar results. When x/D increases, the difference between the AD and FRR simulations decreases. Although not shown in this paper, similar comments can be made for the results obtained with K s = 5m. Figure 6 shows a comparison of the flow field between the AD (K = 2, left) and FRR (right) simulations. Figures 6(a) and 6(b) show the streamwise velocity field in a vertical plane containing the rotational axis and in a horizontal plane at hub height, respectively. In the AD simulation, the wake downstream the turbine is relatively homogeneous, whereas in the FRR simulation, the velocity deficit is more significant in the lower part (Fig. 6(a) ) and in the left part of the wake (Fig. 6(b) ), when viewed from downwind). However, upstream the turbine and away from the rotor region, both simulations give similar velocity fields. Figure 6(c) shows the turbulent kinetic energy (TKE) field in the vertical plane containing the rotational axis.
The TKE values are lower in the wake of the turbine in the FRR simulation compared to the AD simulation. Furthermore, in the FRR simulation, a thin layer of high TKE values can be observed at the top of the wake region, whereas this layer is much wider in the AD simulation. In the upstream region, the vertical distribution of TKE is also affected by the turbine model.
The results of all six wind farm simulations performed in this study are summarized in Table  3 , including two additional AD simulations with K = 1.6 and 1.2 (for K s = 1m). It should be noted that the results of FRR simulation for K s = 5m are presented in brackets as this simulation may not have converged sufficiently. The coefficients of thrust (C T = T /(0.5ρU 2 F 0 A) and power (C P = P/(0.5ρU 3 F 0 A) are calculated using the undisturbed farm layer wind speed U F 0 . The 'local' or 'effective' coefficients of thrust (C * T ) and power (C * P ) are also calculated using the farm layer wind speed U F instead of U F 0 . Similarly to [6] , an increase in K s (or decrease in λ/C f 0 ) results in an increase in C P and C T , regardless of the turbine model used. Of particular interest is the comparison between AD and FRR simulations for K s = 1m. It can be seen that the AD simulation with K = 1.2 gives a higher C T but also a lower C * T compared with the FRR simulation. This means that it is not possible to match both C T and C * T at the same time between the AD and FRR simulations by adjusting the disk resistance K in the AD simulation. This is essentially because the present AD simulation tends to predict stronger wake mixing and hence a higher β value (i.e. faster average wind speed through the farm layer) than the FRR simulation for a given thrust.
Although the difference in the turbine model affects the average wind speed through the farm as well as the local flow pattern around the turbine, the γ value (defined in Eq. 2) is found to be around 1.9 to 2 in this study regardless of the turbine model used, while this value is around 1.5 to 1.6 in AD simulations in [6] . [6] uses a different turbine diameter (D = 100m) and turbine hub height (100m) which may explain the difference in γ observed. It can also be noted that γ = 2.03 is obtained with the FRR simulation at K s = 5m while this parameter is expected to be smaller than 2 as the turbines usually increase the turbulence intensity within the farm layer [5] . However, as shown earlier in Fig. 6(c) , the FRR simulations performed in this study predicted a large low TKE region behind the turbine, which may explain why the value of γ slightly exceeded 2 in this particular case. Note, however, that this may also be due to the RANS simulations not being able to predict the complex near-wake mixing accurately. To confirm this, we would need higher-fidelity simulations, such as detached-eddy simulations, resolving turbulent eddies in the turbine wake. Figure 7 shows a comparison between the farm simulations and the Nishino model [5] for the power coefficient. As can be seen from the figure and similarly to [6] , the agreement between the AD simulations and the theoretical model is very good. The FRR simulations show some consistent discrepancies from the theoretical model. However, the FRR results follow the same pattern as the theory, i.e. C P increases as λ/C f 0 decreases. The discrepancies between the theoretical farm model and FRR farm simulations are understandable since the theoretical model employs the classical actuator disk theory as its local (turbine-scale) flow model [5] , i.e. the theoretical model considers 'ideal' turbines to predict an upper limit to the farm performance. 
Conclusions
3D RANS simulations of an 'infinitely large' wind farm, consisting of a periodic staggered array of NREL 5MW turbines, have been conducted with two different turbine models: actuator disk and fully resolved rotor. These farm simulations employ an assumption that the atmospheric boundary layer is driven by a constant streamwise pressure gradient, the value of which was obtained (for a given bottom roughness) from the so-called 'empty box' simulation with a fixed mass flow rate. The results show that the difference in the turbine model affects the average wind speed through the farm as well as the local flow pattern around the turbine. In particular, the present actuator disk farm simulations tend to predict stronger wake mixing and hence a faster average wind speed through the farm than the resolved rotor farm simulations. The results have also been compared with the simple theoretical wind farm model proposed recently by Nishino [5] . The actuator disk farm simulation results show a very good agreement with the theoretical model, whereas the resolved rotor farm simulations show some consistent and expected discrepancies from the model. This suggests that the theoretical model could be further extended to predict the performance of real large wind farms in future studies.
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